2316 FRAZIER, KRIEGSMAN, AND NESLINE

nomial smoothing system is shown to be adequate in altitude
determination accuracy, but marginal in velocity accuracy,
for an earth orbital rendezvous mission. On the other
hand, this system may be adequate for a lunar landing mis-
sion depending upon the characteristics of the lunar parking
orbit. The performance of the exact smoothing scheme is
shown to be more than adequate for both of these missions.
However, the exact smoothing system is more complicated
than the polynomial systern. Whether or not this compli-
cation is justified by the improved results depends upon
mission requirements of the vehicle.

Comparative position and velocity errors for the exact
least squares fit and a third-order polynomial approximation
are presented in Table 7. The smoothing times were chosen
to be the optimal smoothing times for the polynomial, con-
sidering the data accuracy and rate, and the truncation errors
to be expected. It is seen that the exact fit gives uniformly
smaller errors and that the improvement in position error
may be a factor of two or more, whereas that in velocity may
be an order of magnitude. For shorter somoothing times
the errors would be more nearly comparable. On the other
hand, for longer smoothing times the errors for the polynomial
approximation would increase, whereas those for the exact
fit would continue to decrease rapidly. It is particularly
instructive to compare the first and third columns in Table
7. Here the only difference is the data rate, one sample per
second in the first case and one sample every 10 sec in the
second. It is seen that the error from the exact fit at the low
data rate is generally less than the error from the polynomial
approximation at the higher data rate. Hence, the apparent
complexity of the exact fit is not a measure of the total num-
ber of arithmetic operations to be performed. This may
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actually be reduced for the same accuracy. Nevertheless,
exact fitting requires a digital computer whereas polynomial
smoothing only requires a relatively simple digital differ-
ential analyzer. If a digital computer must be carried for
other parts of the overall mission, its capacities may be put
to good use in performing a least squares fit using the exact
model. Thus, if the satellite navigation system uses an
inherently exact smoothing scheme, instrumentation require-
ments may be relaxed.
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Buckling of a Truncated Hemisphere under Axial Tension

Joun C. Yao*

Northrop Norair, Hawthorne, Calif.

This report is concerned with the theoretical evaluation of the buckling strength of a trun-
cated hemisphere under axial tensile load. The edges of the shell are assumed to be re-
strained from moving radially or from rotating. Theoretical results were obtained by Vlasov’s
small deflection theory and Galerkin’s method. The quick convergence of the series solution
is demonstrated. Comparison of theoretical values with a few available experimental results

is given.
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m = number of buckle waves in the circumferential
direction

P = axial tensile load per unit circumferential length
at the shell equator

radial load per unit middle surface area,
additional force components in the buckled
shell

([

q
T¢: Ta: T¢>3: T¢9

T 40,0 = membrane force components prior to buckling

¢ = shell thickness

w = radial buckling displacement of a middie surface
point

z = ging

« = altitude angle of the truncated edge (see Fig. 2)

9,9 = gpherical coordinates (see Fig. 2)

[ = Poisson’s ratio

P = stress funetion

V2 = Laplace’s operator

[(9%/a%0¢?) — tand(d/a’de) + sec’$(d?/a06%)]
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I. Introduction

TRUNCATED hemisphere may buckle under an axial
tensile load that exceeds a certain eritical value (Fig. 1)
because of compressive hoop stresses. The buckled shape is
similar to that of a cylinder buckled under radial pressure,
with one half-wave in the axial direction and many small
waves in the circumferential direction. The present theoreti-
cal study treats the case where both the truncated edge and
the edge at the equator are restrained from moving radially or
from rotating.

In the analytiec work, Viasov’s equations of equilibrium and
compatibility condition® are used. These equations are
satisfied by the use of Galerkin’s method? in conjunction with
expressions for the radial displacement and the stress fune-
tions that satisfy the approximate boundary conditions.

Numerical results of theoretical buckling loads for shells of
various geometric configurations are given by curves as well
as by simplified algebraic formulas and are compared with a
few experimental data.

II. Theory

Using spherical coordinate system ¢ and 6, as shown in
Tig. 2, the equilibrium condition in the radial direction for a
spherical shell element can be expressed by the following
equation:

1 £\ w V2] aq
- . 4774 — —_ 2072 —— —_— 2 =
12 (1—u? <a> @V <a> @V <Ea2t> w=0 W

where
alV? = (2%/0¢?) — tang (9/0¢) + secip (22/262)
V4 = V2V2

and & is the stress function, in terms of which the additional
force components in the buckled shell wall are given by

Ty = s ( sec’d o> tan 0¢>
1 2%

1 P od
Too = Teo = p sece <b¢60 + tan¢ bB)

Equations (2) approximately satisfy the equations of equilib-
rium for a shell element in both the meridional and the cir-
cumferential directions. The stress function ® and the radial
deflection w also are related by the compatibility equation:

a™Vt (®/Ea’) + a*V? (w/a) = 0 3

Equations (1) and (3) are Vlasov’s equations,’ expressed in
spherical coordinates.

In dealing with the problem of stability of a spherical shell,
one must take into account the radial component of stress
existing prior to buckling. With the assumption that these
prebuckling stresses are represented adequately by the mem-
brane state of stress, one has

Tgo = — Too = P sec?y @

During buckling, because of curvature changes, these finite
membrane forces contribute a radial component equal to

_ P ey O
T7 g2 \agr ~ %% o2

which is used in Eq. (1).

The boundary conditions chosen to be satisfied by the radial
deflection w and the stress function ® are those corresponding
to shell edges that are restrained from moving radially or
from rotating, motion in the meridional and circumferential

+ tang Z%;) sec’p (5)
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Fig. 1 Truncated hemisphere buckled by axial tension.
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Fig.2 Shell geome-
try and load.
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directions being restrained insofar as rigid body muotion is
concerned. These conditions may be expressed as

w=w/op =Ty =Te =0 atp =0, (6a)
or, for Eq. (2), as

w = dw/op =P = oB/op = 0 at ¢ = 0, @ (6b)

A possible method of solving the problem would be first to
assume an arbitrary radial deflection function that satisfies
the radial deflection boundary conditions (6); then Eq. (3)
could be solved for the stress function @ in terms of a particu-
lar solution involving w and the general solution of the homo-
geneous equation, the constants of integration being deter-
mined by the stress function boundary conditions. Finally,
the radial deflection function and the derived stress function
can be substituted into Eq. (1), which then could be solved
by means of the Galerkin method.? Because it is difficult to
solve for the stress function in terms of the radial deflection
function, however, this method of solution can be replaced by
the equivalent process of choosing arbitrary functions that
satisfy the appropriate boundary conditions for both the
stress function ® and the radial deflection function w and
solving both Eqs. (1) and (3) by the Galerkin method. Thus,

I sass (&) e (¥) - v () -
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6 I The substitution of Eqs. (10) into Eq. (7) then leads to
Q = 40° w
e 3 (Autws + Budni) = 0
n=2
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Fig. 3 Buckling stress of truncated hemisphere (¢ = 0.3).
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Fig. 4 Buckling forces vs wave numbers.
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P
= 2 =
é ( Eaf‘-t) a? cosp df dp = 0 (7b)
where w and ® are subjected to the boundary conditions given
by Eq. (6b).

For convenience, the following substitutions are introduced:

z = sing = sing
d2/0¢ = (1 — 22)*/2 (3/21), ete. (®)
o? o] 1 9
22 = (] —p?) — — 9 9"
°V: = (1-=) ox? 2 o + 1—z? 262

The boundary conditions (6b) then become

w = dw/ox = 0. atz = 0,1
©)
(i

2P/oz =0 atz = 0,1

Suitable expressions for w and ® which satisfy conditions (9)
may be taken as

N
v _ > Az (z—0)" cosmb
a 7=2,3,...
(10)
& N
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where
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For a nontrivial solution for A, and B., the determinant of
their coeficients in Eqs. (11) must vanish, yielding the stabil-
ity criterion for the problem. The lowest root of the deter-
minal equation is the critical value of the load parameter
P/EL,
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Table 1 Comparison of experimental and theoretical results

P /tE (theory)

Number
of cir-
cumfer-
X 108 P/tE ential
Et cos’a a a/t (test) 1st approx. 2nd approx. 3rd approx. 4th approx.  waves
0.73 23°30/ 480 6.15X 13.5945 X 13.5528 X 13.4911 X 13.4903 40
10— 10-* 10-¢
0.62 476 5.18 13.7227 13.6806 13.6185 13.6177 40
0.79 455 6.60 14..4167 14.3617 14.2942 14 .2936 38
0.68 34° 757 4.72 7.70351 7.53251 7.28196 7.05160 48
0.64 637 4.38 9.21024 9.04707 8.78546 8.56413 44
0.18 23°10’ 1600 1.47 3.82673 3.82654 3.80073 3.80557 72
0.25 1510 2.06 4.06189 4.06182 4.04427 70

III. Numerical Results and Discussion

Computations for the buckling tension load were carried
out for shells with « = 20°, 30°, and 40° and a/¢ ranging
from 200 to 1600. Four terms each were used in the summa-
tion of Egs. (10). The output is given by the nondimensional
quantity P/Et cos?a against @/t as shown in Fig. 3. It may
be seen that, within the range of « (that is, « is less than 40°),
the buckling strength of the shell is influenced far less by «
than by a/t. The curve shown in Fig. 3 also may be expressed
by the following approximate formula: ‘

P/Et cos?a = 1.57 (t/a)*12 (15)

In the limiting case where the radius of the sphere ap-
proaches infinity, the problem is reduced to a narrow, infinitely
long strip that is subjected to compression along the length
and tension across the width of the strip. In this case, the
buckling stress is of the form (Ref. 8, p. 337)

P/Et = k (t/ao)? (16)

where k is a constant coeflicient.
One recalls (Ref. 3, pp. 478, 517) that the classical buckling
stress for cylindrical shells under radial pressure is

o _ 1 <t>
E 40— \a {7

and that the classical buckling stress for spherical shells
under external pressure is

T _ 1 <£>
E T B0 —w@1"\a) (18)

One may see from Eqgs. (4) and (15) that the buckling
characteristic of the present problem is similar to the sphere
problem rather than the cylinder problem.

Test data for five samples of various geometry were fur-
nished by Douglas Aircraft Company and are reproduced here
in Table 1. The theoretical buckling load parameter P/E¢

obtained by using one term in the summation of Eq. (10) as
the first approximation and succeedingly using more terms in
the summation as higher approximations also is shown.
Note that the convergence of the series solution is good and
that using four terms in the summation is adequate for prae-
tical purposes. The theoretical values are found to be about
twice greater than the experimental values, a difference
rather common in buckling problems. Also given in Table 1
are the theoretical circumferential ‘buckling wave numbers
associated with the found theoretical minimum buckling
loads. These numbers seem quite high in comparion with the
wave numbers found by test. However, a study of the curves
for the theoretical buckling load vs wave numbers in Fig. 4
leads to the belief that the actual buckling wave number
probably is determined by the initial imperfection of the shell,
since the curve in the neighborhood of the theoretical mini-
mum point is rather flat.

The subject problem is an interesting one, as it is a particu-
lar example that an elastic system is buckled by tension,
although the real cause of the instability is the compressive
hoop stress. Certainly, there remain many areas for future
studies, among them determination of the buckling load by
large deflection theory and consideration of initial imper-
fections. The testing results presented here are rather scarce
and scattered, hardly enough to give any conclusive indica-
tion. Extensive and systematic experiments in this respect
are recommended.
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